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Abstract. We will show how the study of randomly triangulated surfaces merges with the study of
open/closed string dualities. In particular we will discuss the Conformal Field Theory which arises
in the open string sector and its implications.
String dualities provides a powerful tool to study IR properties of a Quantum Field
Theory by means of UV techniques proper of String Theory. This approach had led to the
formulation of AdS/CFT correspondence but, at mathematical level it has been explained
only in a topological setting by Gopakumar and Vafa in [1] and more recently by Gaiotto
and Rastelli in [2]. In such a framework, a paradigmatical result has been established
by Gopakumar in [3, 4]. Starting from a Schwinger parameterization of the free gauge
field correlators of an N = 4 SYM SU(N) gauge theory, he exploits an analogy with
electrical networks which allows him to sum over internal loop momenta to obtain a
skeleton graph with a number of vertices equal to the number of holes of the free open
theory and which shows the basic connectivity of the original correlator. By performing
a change of variables into the Schwinger parameter spaces, he is able to fill the holes
and obtain a closed AdS tree diagram. In this context it is important to stress that planar
graphs with different connectivities give rise to different skeleton diagrams, and all these
different skeleton contributions need to be summed over to obtain the closed string dual
of a single open free field diagram. Moreover, it is important to recognize that all these
structures are in one-to-one correspondence with the moduli space of a sphere with n
holes, moduli space which arises as a natural structure in the large N limit framework,
proper of gauge/gravity correspondence.
Motivated by the ubiquitous role that simplicial methods play in the above result,
we have recently introduced a geometrical framework [5] in which it is possible to
implement new examples of open/closed string dualities. Our approach is based on a
careful use of uniformization theory for triangulated surfaces carrying curvature degrees
of freedom.
In order to show how this uniformization arises, let us consider the dual polytope asso-
ciated with a Random Regge Triangulation Triangulation [6] |Tl| → M of a Riemannian
manifold M. Using the properties of Jenkins-Strebel quadratic differentials [5] it is pos-
1 contributing author
sible to decorate the neighborhood of each curvature supporting vertex with a punctured
disk uniformized by a conical metric
ds2(k)
.
=
[L(k)]2
4pi2
|ζ (k)|−2( ε(k)2pi )|dζ (k)|2.
Alternatively, we can blow up every such a cone into a corresponding finite cylindrical
end, by introducing a finite annulus ∆∗ε(k)
.
=
{
ζ (k) ∈ C| exp− 2pi2pi−ε(k) ≤ |ζ (k)| ≤ 1
}
endowed with the cylindrical metric:
|φ(k)| .= [L(k)]
2
4pi2
|ζ (k)|−2|dζ (k)|2
It is important to stress the different role that the deficit angle plays in such two
unformizations. In the “closed” uniformization the deficit angles ε(k) plays the usual
role of localized curvature degrees of freedom and, together with the perimeter of the
polytopal cells, provide the geometrical information of the underlying triangulation.
Conversely, in the “open” uniformization, the deficit angle associated with the k-th
polytope cell defines the geometric moduli of the k-th cylindrical end. As a matter of
fact each annulus can be mapped into a cylinder of circumpherence L(k) and height
L(k)
2pi−ε(k) , thus
1
2pi−ε(k) is the geometrical moduli of the cylinder. This shows how the
uniformization process works quite differently from the one used in Kontsevich-Witten
models, in which the whole punctured disk is uniformized with a cylindrical metric. In
this case the disk can be mapped into a semi-infinite cylinder, no role is played by the
deficit angle and the model is topological; conversely, in our case, we are able to deal
with a non topological theory.
In the closed sector both the coupling of the geometry of the triangulation with D
bosonic fields and the quantization of the theory can be performed under the paradigm
of critical field theory. However, in order to discuss Polyakov string theory directly over
the dual open Riemann surface so defined, we have to deal with a Boundary Conformal
Field Theory (BCFT) defined over each cylindrical end. The unwrapping of the cones
into finite cylinders suggest to compactify each field defined on the k-th cylindrical end
along a circle of radius R(k)L(k) :
Xα(k) ϑ (k)→ϑ (k)+2pi−−−−−−−−−→ Xα(k)+2piνα(k)R
α(k)
L(k) ν(k) ∈ Z
Under these assumptions, it is possible to quantize the theory and to compute the
quantum amplitude over each cylindrical end: writing it as an amplitude between an ini-
tial and final state, we can extract suitable boundary states which arise as a generalization
of the states introduced by Langlands in [7]. As they stand, these boundary state do not
preserve neither the conformal symmetry nor the U(1)L×U(1)R symmetry generated by
the cylindrical geometry. It is then necessary to impose on them suitable gluing condi-
tions relating the holomorphic and anti-holomorphic generators on the boundary. These
restrictions generate the usual families of Neumann and Dirichlet boundary states.
Within this framework, the next step in the quantization of the theory is to define the
correct interaction of the N0 copies of the cylindrical CFT on the ribbon graph associated
with the underlying Regge Polytope. This can be achieved via the introduction over
each strip of the graph of Boundary Insertion Operators (BIO) ψλ (p)λ (q)λ (p,q) which act as
a coordinate dependent homomorphism from Vλ (p) ⋆Vλ (p,q) and Vλ (q), so mediating the
changing in boundary conditions. Here Vλ (•) denotes the Verma module generated by
the action of the Virasoro generators over the λ (•) highest weight and ⋆ denotes the
fusion of the two representations.
In the limit in which the theory is rational (i.e.when the compactification radius is
an integer multiple of the self dual radius Rs.d. = L(k)/
√
2) the compactified boson
theory is the same as an SU(2)k=1 WZW model, thus it is possible to identify the BIO
as primary operators with well defined conformal dimension and correlators. Moreover,
considering the coordinates of three points in the neighborhood of a generic vertex of
the ribbon graph, we can write the OPEs describing the insertion of such operators
in each vertex. Considering four adjacent boundary components, it is then possible
to show that the OPE coefficients C jp jr jqj(r,p) j(q,r) j(p,q) are provided by the fusion matrices
Fjr j(p,q)
[ jp jq
j(r,p) j(q,r)
]
, which in WZW models coincide with the 6 j-symbols of the quantum
group SU(2)
e
pi
3 i
:
C jp jr jqj(r,p) j(q,r) j(p,q) =
{ j(r,p) jp jr
jq j(q,r) j(p,q)
}
Q=e pi3 i
From these data, through edge-vertex factorization we can characterize the general
structure of the partition function for this model [8] as a sum over all possible SU(2)
primary quantum numbers describing the propagation of the Virasoro modes along the
N0 cylinders {∆∗ε(k)}.
The overall picture which emerges is that of N0 cylindrical ends glued through their
inner boundaries to the ribbon graph, while their outer boundaries lay on D-branes. Each
D-brane acts naturally as a source for gauge fields: it allows us to introduce open string
degrees of freedom whose information is traded through the cylinder to the ribbon graph,
whose edges thus acquire naturally a gauge coloring. This provides a new kinematical
set-up for discussing gauge/gravity correspondence [9].
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